Journa of Mathematical Chemistry 24 (1998) 187-221 187

Statistics of aggregates

Thierry Huillet

LIMHP-CNRS, Universite Paris XlI, Institut Galilee, 93430 Villetaneuse, France
E-mail: huillet@limhp.univ-paris13.fr

Received 28 May 1998

Aggregation phenomena of elementary particles into clusters has received considerable
attention during the past few decades. We adopt here a stochastic approach for the modeling
of these phenomena. More precisely, we formulate the problem in the following dynamical
setup: given a population of n discernible atoms partitioned into p discernible (model 1) or
indiscernible (model 2) groups, how does a new atom eventually connect to any of these
p groups forming up a new partition of n 4+ 1 atoms into a certain amount of clusters?
Nucleation is said to occur when the inserted atom does not connect (it nucleates), whereas
aggregation takes place if it does (clusters coalesce). Depending on this local “logic” of
pattern formation, the asymptotic structure of groups can be quite different, in the thermody-
namic limit n — oo. These studies are the main purpose of this work. Understanding these
aggregation phenomena requires first to derive the fragment size distributions (that is, the
number P of fragments, or clusters, and the number N,,, of size-m fragments with m consti-
tutive atoms), as a function of the control parameter which is chosen here to be the average
number of atoms (V). As () approaches infinity, we derive the study of these variablesin
the thermodynamic limit n — oo. It is shown, making extensive use of combinatorics, that
two regimes are to be distinguished: the one of weakly connected aggregates where nucle-
ation dominates aggregation and the one of strongly connected aggregates where aggregation
dominates nucleation. In the first (“diluted”) regime, the number of clusters P(n) aways
diverges as n — oo, the asymptotic equivalent of which being under control in most cases.
Large deviation results are shown to be available. Concerning N, (n), distinct behaviours
are observed in models 1 and 2. In the second (“condensed”) regime, the number of groups
P(n) and size-m groups N,,,(n) may converge in the thermodynamic limit, with a specia
role played by the geometric and Poisson distributions. The asymptotic variables become
observable macroscopically. This work is therefore aimed toward a better understanding of
the fundamentals involved in clusters formation processes.

1. Introduction

Aggregation phenomena manifest themselves on awide variety of physical scales,
from the large structures of the Universe to the elementary particles and are till poorly
understood. The purpose of the recent work [14] was to introduce a natural way of
modeling nucleation—aggregation phenomena of elementary particlesinto clusters at the
statistical physics' level, regardless of the nature of their constitutive elements or of the
properties of their binding force. Thisfield has recently received considerable interest,
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in an attempt to understand processes such as coagulation of fine particles or coales-
cence of droplets: although there are many dternative approaches to this question, the
most notable being mean-field population-balance Schmoluchowski’s equations (see,
eg. [3,10,22]), we adopt here a microscopic approach for the representation of these
phenomena, which avoids the need for certain unknown parameters such as coagulation
and fragmentation rates . ...

More precisely, we formulated the problem as follows: nucleation—aggregation
phenomena consists of problems where “elementary” particles (atoms) are given the
opportunity of forming “assemblies’ (groups or clusters). Inspecting more closdy
this problem amounts to asking for the “connection politics’ of a new atom when it
“sees’ acertain previousy-formed group-pattern of n similar atoms. In this approach,
nucleation of a cluster occurs when the inserted atom does not connect at all, whereas
aggregation takes place when it joins any existing cluster, or more. Depending on
this local “logic” of pattern formation, the asymptotic structure of groups (in the
thermodynamic limit n — oo) can be quite different; also the group sizes' distributions
may vary widely. These asymptotic studies are the main purpose of this work. We first
(section 2) illustrate our ideas on two “monomer addition” models which in fact are
two different and basic “connection logic”. In these simplistic models, the additional
atom, if it connects, connects to a single group: clusters grow by the addition of single
particles. In section 3 we shal identify the model class to work with when clusters
themselves are alowed to aggregate, which should match with more redlistic situations.
We shall make an extensive use of the notion of generating (partition) functions from
combinatorics and more precisely of the one of “forests’ (ordered or not) of increasing
“trees’ [9,12,16,19,21].

Understanding these aggregation phenomena requires first (in section 4) to derive
the fragment size distributions (that is, the number P of fragments, or clusters, and
the number N,,, of sizem fragments with m congtitutive atoms), as a function of the
control parameter which is chosen here to be the average number of atoms (V).

As (N) approaches infinity, aggregates become unobservable and we derive the
study of these variables in the thermodynamic limit n — oo, making extensive use of
singularity analysis techniques [11].

This approach allows one to introduce (in section 5) the notions of weakly con-
nected aggregates where nucleation dominates aggregation and the one of strongly
connected aggregates where the contrary holds true. As conventional wisdom suggests,
it happens that a strong statistical variability holds in the different models introduced;
we shall indicate in which precise sense.

Roughly speaking, in the first (“diluted”) regime, the number of clusters P(n)
aways diverges as n — oo, the asymptotic equivalent of which being under control
in most cases. The speed of divergence fixes the asymptotic behavior of the auxiliary
number of size-m groups variable N,,(n). Large deviation results are shown to be
available. In the second (“condensed”) regime, the number of groups P(n) and sizem
groups N,,,(n) may converge in the thermodynamic limit, with a special role played by
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the geometric and Poisson distributions. The asymptotic structure becomes observable
macroscopically.

2. Simple monomer-addition models

Let us start with two basic models. assume a population of n atoms is partitioned
into p distinct non-empty groups. There can be at least one group of size n and at
most n groups of size one. Let thus nj, j = 1,...,n, denote the number of clusters
of size j in such a partition. Of course, if al this is to be consistent,

n

> jnj=n D

J=1

and

j=1

expressing (respectively) the number of atoms’ (groups’) conservation.

We shall next concentrate on the number of configurations with n (labeled) atoms
and p (unlabeled) clusters.

Let 0,(p), p=1,...,n, denote this quantity.

In order to clarify what these numbers redlly are, we now discuss the fate of an
additional atom being added up to this structure (in the transition n — n + 1):

— This new atom may not “connect” to any of the p existing groups, thereby forming
itself a new group: it nucleates a new cluster.

— This new atom connects preferentially to (no more than) one of the p existing
groups; the question is what group?

In order to answer the above question, let us make more precise the state-space
of our models' class.

Given a population of n atoms, let P, denote the number of groups in the
partition, and let (S1(n),...,Sp,(n)) be the group sizes vector. Of course,

P7L

> Sp(n) = n. ©)
p=1

Next, in the transition n — n + 1, consider the (random) event C,, = p that
connection C,, of the additional atom is established with group p € {1,..., P,}: the
indicator function 1¢,,—, will thus be one if its argument is true, zero otherwise. Lack
of connection will be represented by the event C,, = 0, connection by the event
C, > 0.
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We then have the obvious following state-space evolution eguations.

[ Sun+1) ] [ Si(n) ] [ S(n) T
Sp(n + 1) Sy(n) +1 Sp(n)
. Pn . .
— 5 1o, —p + : 1c,=o0, 4
: = | Sk " Skm)
SPn+1(n + 1) 0 1
0 0 0
Poy1=PF, - 1g,50+ (P, + 1) - 1o,—0. )

Equation (4) indicates how to increment the group sizes vector whenever a
connection is established, whereas equation (5) is concerned with the (non-decreasing)
number of such groups.

Adopting thus for a while a probabilistic language, we consider the three follow-
ing random self-consistent connection rules of the additional atom giving the (random)
probability, say Q, that connection is established with group p € [1,..., P,]:

@ QC,=0=1/(P,+1), QC,=p=1/(P.+1), p=1,..., P,
(b) QCrn =0)=1/(n+1), Q(Crn =p) = 5p(n)/(n+1), p=1,..., Py,
for which, respectively,

@ Q(Cn =0 =1/(P, +1), Q(Cr > 0) = P/(P, + 1),

(b) QC, =0 =1/(n+1), QC, >0)=n/(n+1).

Letting thus Q(P,, = p) o Qx(p) denote the probability that the (random) number
of groupsis p given apopulation of n atoms, it follows from the state-space equation (5)
that

@ Quia(p) =1/p-Qulp — D) +p/(p + 1) - Qulp),
(b) Qus1(p) =1/(n+1)- Qulp — 1) +n/(n+ 1) - Qu(p).

The answer to our question, therefore, lies in the three recurrences on o, (p) we
shall consider here (omitting normalization constants in the transition probabilities),
skipping from the probabilistic language to the one of enumeration

@  onta(p) = onlp — 1) + pon(p),

(6)
(0)  oni1(p) = onlp — 1) + now(p),
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with common boundary conditions

o1(1) =1,
on(0)=0, Vn=>1, (7
on(p)=0, Vp=n+1, Vn>1

Thus:

In model (a), al existing p groups are equaly likely to form a new group (or
not) with the additional atom, independently of the sizes of these p groups.

In modéel (b), the connection is more likely to occur with agroup of large size: the
additional atom behaves gregarioudy and preferentially moves towards larger groups.

Recurrences (7) identify the numbers sequences under concern, namely,

@ on(p) = Sn(p), the second kind Stirling’s numbers,
() o.(p) = |sn(p)|, the absolute values of the first kind Stirling’s numbers.

Let us aso introduce the numbers o, = Z;}Zl o, (p), giving the total number of
partitions of n atoms, which are, respectively,

(& o, = By, the Bell numbers,
(b) o, =nl.
Observe also that

def
o,(p) =#aqe{l,...,on}: P(@)=p}, p=1....n, 8
where #{. ..} isto be read as “the cardinal of the set ...”.

3. Cluster—cluster aggregation: the generic model

We now come to the question of including clusters' aggregation into our models:
first note that the hypothesis of section 2 that connection, if established, concerns a
single group is very redtrictive, although, as one can guess, far from elementary. In
this sense, these aggregation models are what one may call monomer-addition since
clusters grow by the addition of single particles only — there is no aggregation of two
(or more) larger clusters together. We shal now indicate how to include aggregation
of clusters which appears more redistic in practise.

We first introduce a combinatoria tree-structure which shall prove useful for
our purpose. Suppose j atoms (or nodes) have been labeled {1,...,5}. A labeled
increasing tree is a rooted simply connected tree for which labels along any branch
from the root are forced to go in increasing order. The enumeration of such trees has
been undertaken in [2]. Suppose there are (c;);>1 such trees with j atoms. Introduce
then this sequence’s (exponential) generating function, say (), by

HOEDY %9]‘.

j=1"
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The main result of these authors is that #(#) is the unique solution to the au-
tonomous ordinary differential equation

d_, . def- _
'@ = o) = 9(1(9)) 9)
with initial condition #(0) = 0, and for various g such that

9O =1+% %ek,
k>1
where (gx)r>1iS any sequence of integral numbers, g;, < k!.

Function ¢ is called the branch-generating function. It describes localy the
variability of the edges pointing outwards any node of the tree.

The general unordered increasing tree (or non-plane tree) is, thus, recursively
defined by appending an atom to a set of similar sub-trees. This amounts to choose
g(0) = e’, for which g = 1, £k > 1. Note that for such trees, there is no order
distinction between the sub-trees dangling from their common root. Ordered trees,
or plane trees, could be obtained in a similar way, when considering the modified
functional equation (9) with g(¢) = 1/(1—0), for which g, = k!, £k > 1. for
such trees, there are k! ways to arrange k sub-trees, taking “chirality” into account.
Therefore, modifying the “branch”-generating function ¢ gives rise to a variety of
tree structures implicitly defined by (9). For example, unordered binary trees are
enumerated while using g(d) = 1+ #2/2 in the above functional equation, whereas
ordered binary trees can be obtained from g(#) = 1+ #2. Linear increasing trees are
enumerated while using ¢g(f) = 1 + 6 and constitute the simplest such structures.

If an explicit solution for the ordinary differential equation (9) exists, we shall call
the model solvable. For example, choosing for ¢ the following particular functions:

140, (140! (withinteger p > 1), 1+62% 1+62/21, 1/(1-96), €,
yields, respectively, for ¢(0),
exph—1, —1+[1-pd]~¥P, tanf, V2tan(6/v2), 1-v1—26, —log(1—6).

Considering a forest of increasing trees leads to the generating function g0, the
Taylor coefficient of which, say o,,, counts the number of forests of increasing trees
that one can form with n atoms, relaxing the connectedness condition for trees [9,12].

3.1. Discernible atoms and indiscernible clusters (model 1)

3.1.1. Partition function for the number of clusters distribution
Next consider the bivariate “marked” exponential generating function

740,7) € &, (10)
We shall aso let
7Y0) ¥ 7Y, 1). (11)



T. Huillet / Satistics of aggregates 193
Developing (10),
70,7 % 1+ Z Zl(y)
n>l

with
def -
Za =D onn”-
p=1

In this interpretation, o,,(p) counts the number of forests made of p increasing
trees that one can form with n atoms, and the Taylor coefficient of Z%(6), o, =
Z;}Zl on(p), counts the total number of available configurations.

We now come to our cluster aggregation models.

Differentiating (10) with respect to 6 gives, from (9),

WZN0.7) = O Z0.7) = v Y T (H0) 210 7)).
k>0

This leads to the following recurrences for the functions' sequence (Z1(7))n>1:
9k
Za) =7 00 Z30),
k>0

where 9 indicates derivation with respect to ~ (k times).
In terms of the coefficients o,,(p) describing Z1(v), this yields the recurrences

n—(p—1)

onai®) = on®@ — D+ Y prr-1p00 +k— 1) (12)

with

o p+k—1
k : —
o= o =0 ("1 7). 13
J:
In an aternative way, setting g = p + k — 1,
On+1(p) = onlp — 1) + Z agpon(q), p=1...,n, n>1 (24)
q=p
with

q
Qq,p = Gq—(p—1) (p _ 1) .

Recurrences (12) or (14) constitute the announced generalization of (6).
We now interpret recurrences (12), (14) in terms of nucleation—aggregation phe-
nomena, as described in section 2.
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In such extended models, indeed, the additiona atom in the transition n —
n + 1, when it sees a clusters situation with ¢ groups, may connect to k£ groups
smultaneoudly, & = 1,...,min(K,q), where K © max(k > 1. gp # 0) is the
(possibly infinite) order of the branch generating function g(f). This k-connection
(fusion) occurs with transition probability

def Aq,q—(k—1)
Qnelk) = 7/ —— (15
! 1+ szl aqp)
By doing so, the number of groups shifts from ¢ = p + k — 1 to p and decreases
as soon as k > 2 (cluster—cluster aggregation).
Of course, nucleation occurs with probability

1

1+ Zzzl aq,p) (19

def
Qn,q(o) =

and dtill remains possible.
In other words, equation (5) of section 2 has to be replaced by

Pn+l - (Pn + 1) : 1Kn+1:0 + (Pn - Kn+l + 1) : 1Kn+1>01 (17)

where K, 1 is the random variable giving the number of connections with transition
distribution

Q(Kn+l =k | Pn = Q) = Qn,q(k)’ k P 0. (18)

The coefficients a,,1 ;1 in (13) entering in the definition of these probabilities
are now easy to interpret: they are the number of ways that the inserted atom will
select k& connection-groups out of p + k — 1 possible, as soon as g # 0, (the term
(1)), times g;, which is the number of ways to redlize this k-fusion.

If gr is “large”, the connection probability will be large, so that nucleation is
weak: in the asymptotic n — oo there should be “quite few” clusters compared to a
situation where g is “small” in which nucleation dominates. One of the purpose of
the following is to quantify this mere observation.

Example 1. Let us give some examples that shows that models (&) and (b) actually
are particular cases of this new interpretation.

(@ g(0) =1+ 0 for whichg; =1, g, =0, k> 2, leads to £(f) = expf — 1 and
ZY0,~) = @@ -1 and from (12) we get (6(a))

on+1(p) = on(p — 1) + pon(p).

(b) g() = €& for which g, = 1, & > 1, leads to #(d) = —log(1l — 6) and
ZM0,m) =1 -6)7".

Recurrences (12) obtained while inserting g, = 1, k£ > 1, in (13) constitute
an dternative interpretation to 6(b). In this case, connection with any number of
preexisting groups is alowed to take place.
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(©) g(0) = 1+6%for which g1 =0, gp =2, g =0, k > 3, leads to £(f) = tan 6
and Z4(0,~) = e¥n?:

ont1(P) = onlp — 1) + p(p + Von(p + 1).

3.1.2. Partition function for fragment size distribution
Thus, the bivariate “marked” exponentia generating function of (10)

21(01 'Y) déf e’yf(e)’
where
7(0) % N Y gi
HOEDY i 6
Jjz1
is the unique solution to the autonomous ordinary differential equation

def -

t(@) = 1(0) = g(4(9)),

appears crucia in the apprehension of nucleation—aggregation models.
Observing next that

24609 =1 (1+ > (ﬂ) ) _ e

j=z1 >1 =1

we conclude that aggregates are obtained from the repetition [ times of size-j clusters,
each of which presenting a “variability” ¢;. It follows that if one intends to understand
the clusters size distributions, one should focus on the “marked” partition function

21(9,7,71, N H <1 + Z (’7’7]) < ) > — @X175¢67/5! (19)

j=>1 >1

entering into additional details: here, (v;),>1 “marks’ the number N; of size-j clusters,
whereas 7 “marks’ the number of clusters variable, say P, summing up over j: P =
>_j>11Vj, which is in accordance with (2).

Developl ng,

Zl(0,'y,'yl,...,'yj,. 1—1—2 Zl('y T | (20)
n>1

with

n n
def i
Za ) S Y AP Q) [ (21)
p=1 7j=1
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In this formula, the “small” nested sum is to be performed over the integers
ni,...,n, = 0 under the constraints (2),

n n
E nj =p, E Jjnj =n,
Jj=1 Jj=1

and
df 11 ()
Q(ni,...,ny) = n! — (22)
! Jljl n;l ()"
is their Boltzmann degeneracy.
A particular partition function of interest in the sequel is from (19)
ZX0O, 7, Ypm) = € EOHm—Demd™ /mi) def 1(0.7m) (23)
with
_ _ L Om
10, 7m) € (t(e) + (o = D ) (24)

which focuses on the size-m clusters only, setting v; = 1 for all indices j except
Jj = m in equation (19).

3.2. Discernible atoms and discernible clusters (model 2)

3.2.1. Partition function for the number of clusters distribution
We shall next consider the bivariate “marked” exponential generating function

1
7207 % — 2
0.7 = 1— 70 (25)
with 22(0) & 229, 2).
Developing,
def 0"
72250, = 1+ —Z50)
1 nl
with
def =
Z5) =D o mn”.
p=1

In this interpretation,

o (1) € plo,(p) (26)
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counts the number of forests made of p discernible increasing trees that one can form
with n discernible atoms; let o/ o Zzzl o, (p). Note that, from (12), there is a

n

recursive way to generate the sequence o/, (p), namely,

n—(p—1)
ora@) =pon@— D+ Y 1,00 +E—1) (27)
k=1
with a;, ;. 4, = pgi/k! this time.

Partition function Z2(6,v), therefore, concentrates on configuration numbers of
aggregates when both congtitutive atoms and clusters are distinguishable (e.g., 1abeled).
One expects the conclusions to be highly sensitive to this clusters distinguishabil-

ity.

3.2.2. Partition function of fragment size distribution
In asimilar way, if one intends to understand the clusters size distributions, one
should consider the “marked” partition function

1
Z%0,7,71, .., V.. ) = — (28)
J lfyzj>l'yjcj99/j!
Developing,
2 def 0",
Z0, 7, Y1 Yy 2) = 1+ZFZH(7,71,...,%1) (29)
n>1
with
def - “ n;
ZE ) S Y AP Q- na) [ (30)
p=1 7j=1
and degeneracy system
n \nj
Qs ) pro TT -2 (31)
jl_[l n;(jh)"
A particular partition function of interest is from (28)
1 def 1
Z%0,7,vm) = (32

1—~vEO®) + (v — Dembm/ml) 1 — 10, vm)’
which focuses on the size-m clusters only, setting +; = 1 for dl indices j except
j =m in equation (28).

4. Random models for fragment size distributions

We now consider the averaging problem over the configurations.
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Let

n

0
Zl(H,fy,fyl,...,'yj,.._) = 1+ZHZ71L(7,71,...,%1)
n>1

be the first multivariate generating function introduced before.

Suppose one is able to extract [07]1 26,7, 71, . - - +Yj» - --), Or possibly its asymp-
totic equivalent, for large n.

Here,

. 1
(0120, 7,710 Y- ) = HZ’}‘(%“"”’%)

stands for the coefficient of 6™ in the power-series expansion of Z1(6,~v,71,...,7;, - - -)-
Then, upon normalizing,

1 def 01210, v, v1, - %50 ) _ Zy (VYL -+ V)
Do (v, V1, ) = [07]Z2(6) : o Z%(l, 1,...,0 (33

will stand for the joint probability generating function of the number of clusters vari-
able P, and clusters' size variables (N;)_;, given the number of atoms is n, as a
conditional probability generating function. In an alternative way,
Q(ng,...,np
PHP = p, Ny =nayoo.) Ny =1y | N = ) = 200 Tn), (34)

On

where ng, ..., n, > 0 are subject to the constraints >y n; = p, > " jn; = n.
Stated differently,

def
QD}L('y,'yl,...,'yn):El['ypfyivl...'yé\fn‘N:n]. (35
In a similar fashion, under modd 2, we randomize the variables N, P, (Nj);?:l
by
def
®2(7, 71, 0) T E2[y ) | N =]
with

2 aet 101270, 7,y Vi) _ 2200
P (VY1 -y Yn) = [07] Z2(0) : - Z2(1,1,...,1) (30)

4.1. Randomizing the number of atoms. from combinatorics to discrete probability

In general, the form of the fragment size distribution will change dragtically as
a function of some macroscopically observable variable, which is identified with a
control parameter. The most natural such variable in our statistical approach is the
number of atoms. Another refinement could add the number of fragments of any size
produced in one aggregation; we shall not follow this path for the sake of simplicity
and shall restrict ourselves to the sole first observable. It now proves useful to discuss
the randomization of the number of atoms variable.
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Suppose labeled (discernible) elementary objects called “atoms’ are given the
opportunity to be interconnected in a certain number of ways. By an interconnection
of atoms (or network), we mean an oriented graph between these atoms. Specifying the
admissible type of graph produces a combinatorial model of atoms. An interconnection
model of atoms therefore requires to fix an integer-valued non-decreasing sequence
(sn)n>0 giving the configuration number of » atoms, that is, the number of ways these
n labeled atoms can be interconnected.

These informations are advantageously encapsulated within the exponential par-
tition function

Sn on,
Z0) =1+ ; L,

as a function of the real variable 6§ > 0, varying in some definition domain
DY ¥ 10 0<0<b) o DY T {6 0<6 < 6o}

for some positive real number 6y (possibly infinite).

This number is the convergence radius of the series Z(#) in the sense that Z
admits a convergent power series expansion in DT,

Identifying various exponential partition function Z(6) belongs to the field of
enumerative combinatorics, which is part of the field of graph theory. We shal limit
ourselves here to the partition functions introduced in this paper, together with their
physica meaning, namely,

72O LN =143 T (2=21 s, =0),
n.

n>1

in the context of discernible atoms and indiscernible clusters, and

2(p) O&f 1 _ oy, n _ 2 o
Z(e)_l—%(e)_leZHQ (Z =272 s,=0")
n>1

in the context of discernible atoms and discernible clusters, respectively.
For such Z, the convergence radius 6 will be shown to be finite in any case.
Discrete probability and combinatorics are now closdly related in the following
way: the sequence of coefficients (s,),>o alows one to define the “prior” reference
measure R of the event N = n, to “meet” n discernible atoms as

R(N =n) ® R(n) = % (37)

Note that this measure is not a probability measure, since it is not summable.
It only is a positive “combinatorial” measure of this event. Assume now the exact
number of such interconnected atoms, say NV, is unknown to some observer so that
N is assumed random. We shall then search for a “probability” measure of the event
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N =n, say P(N = n) o P(n), which minimizes the Kullback information between
P and R [17,20]:

P(n)

K| R)E 3 P)log g (38)
n>0
under the constraints
Y Pn)=1 and > nP(n)= + ¥ (N) >0, (39)

n>0 n>0

fixing the non-negative average = of the probability distribution P.
Performing this standard optimization program using Lagrange multipliers yields

s 0™

P(n) € Py(N = n) = Zo " 20 9 c DT, (40)
with 0 and 2 = (N) related by
=e? and F'(8) =z, (41)

where F(3) € —log Z(e~¥).
Thus, a “good” model for the probability to observe n atoms clearly is the
“exponential” Gibbs family

def  Sn0"
ZO)n!’
as a function of an “external” control parameter § € D™, related to the theoretical
average x of the distribution as just mentioned. This actualy is one of the postulates
of dtatistical physics. Statistics is then concerned with the problem of identifying the
value of § which fits the best some observation sample (see section 4.1.1).
If ®y(u) o Zn>o Po(N = n)u™ is now the associated probability generating
function of this probability distribution, we have
def Z (¢9u)
Py(u) = 20
relating partition function to probability generating function.
Specifying Z = 71, s, = 0, and Z = Z?, s, = o, yields the definition of two
probabilities for both models, namely,

Po(N =n) = n>0, 0D, (42)

(43)

det 00" def 00"

P3N =n) = Zigm PS(N =n) = 720

respectively.
This connects the worlds of combinatorics to the one of discrete probability.

Remark 1. Note that this randomization is only possible in the range 0 < 6 < 6
(possibly including 6 = 6 if Z(6g) remains finite there) of the control parameter.
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Otherwise, if 8 > 6y the random variable N becomes degenerate, in the sense
that N = oo with Py probability one, as soon asf > 6 (possibly 8 > 6g): N becomes
unobservable.

Parameter 6o is, therefore, a critical parameter, in the sense that a phase tran-
sition takes places there. Both location of the singularity, 6, and behavior of the
partition functions Z* and Z?2 at the singularity will, therefore, become essential for
full understanding of this phase transition.

If Z(6o) remains finite, function Z will be said to be regular (and this will be
shown to occur in our case studies). The randomization of the number of atoms till
remains possible at the critical vaue 8§ = 6p. This happens athough the average
number of atoms (N) diverges there, from (41), as a consequence of Z'(Apg) = oo
(steepness of the derivative). The random variable, defined by its probability generating
function

CD@O(’U,) (E ZZ((QO?S)

can easily be shown in our case to be discrete-stable of parameter 1/2 in the sense
of [23] for which ®g,(u) = exp(—A(1 — u)*/?) for some positive \. For such distrib-
utions, only fractional moments of order strictly less than 1/2 can be shown to exist
as a result of the slow decay of the probability system Pg,(N =n) ~ n=3/2,

at 6 = 0,

4.1.1. Identifying parameters from sampling

Let us now come to the classical question (in statistics) of identifying the value
of 6 which fits the best some observation sample in some sense. We shall recall how
to construct a maximum likelihood estimator of 6.

Substituting parameter 3 to parameter 6 as mentioned above, the distribution of
the number of atoms N, under Py, takes the new form

def s,€ "
ETE

where a(3) = Z(e™”) is the Laplace transform of the sequence (s,,/n!),>0 and

n>0, €A, (44)

A E LB 3> 6% —logh} o AT E {3 8> 5% —loghp)

is its definition domain obtained after an easy distortion of D*. We shall also need

its log-Laplace transform F(3) o _ log (). This function is negative and concave
on the convex set At. Its Legendre transform

f@) € int (52— F(3)) (45)

is well-defined, non-negative and concave on the convex set « > 0. Moreover, f(x) =
zf'(x) — F(f'(x)), with Eg[N] = F'(§) = =z and 8 = f'(z). Symbol z is, thus,
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identified with the average number of atoms E 5[N] under P, and the control parameter
[ can be derived from z. Distribution Py is well-parameterized by a, through

def Sne—f/(z)n
Pl = St

Note, also, that f(z) = —K (P, || R) is the opposite of the value of the Kullback
information [13] evaluated a P = P,.

A maximum likelihood estimator of ¢, say ©*, can, therefore, be derived from
an estimator X* of the average number of atoms by ©* = —log f/(X*).

Let now (Nk)kK:lbe an independent K -sample of the random variable N. Intro-
ducing the likdlihood V,.(IVy, ..., Ng) = Hle P.(N}.) and searching for the value of
x maximizing this likelihood, we get

n>0 >0 (46)

1 K
X5 = ?;Nk.

The experimental mean is thus an unbiased, efficient estimator of x, in the sense that
the expectation and variance under P, are E,[X}] = =, and 02[ X }] = —1/(K f"(x)),
with variance function V' (z) ot —1/f"(x) > 0. The quantity —K f”(z) is the Fisher
information of the K-sample.

We also have the law of large numbers

X5 T (47)
with P, probability one, and the central limit theorem
. X — Ex[XF%]
iy s SR R + € g —
Jim b (S <) — et (48)

together with its large deviation counterpart [1]

1 y
F10aP:(Xic > 1) — [ =2 d: <o (49)

for y > x. The integral appearing in the right-hand side is easily seen to be the

Legendre transform f,,(y) € inf,(ny — Fu(n)) with Fo() = F(y+ f'(2)) — F(f'()).
Here F,.(n) = —log a,;(n) with a.(n) = a(f'(x) +n)/a(f'(x)) the Laplace transform
of the probability P, defined from (46). Moreover, it can be checked that — f.(y) =
K(Py || Pz) > 0 which is the positive Kullback information between P, and P,..

If 0 <y <z, wegetinasmilar way

1 * SN v 1
ElogP, (Xf <y) — /y (= 9)f"(2) ¢z < O

Example 2. Consider Z2(6) = 1/(1 — (6)) with Z(#) = 1 — /1 — 20 which can be
derived, using (9), from the particular choice g(f) = 1/(1 — 6). In this example,
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a(B) € 72(eP) = (1—2e )" Y2 and F(5) € —loga(B) = (1/2)log(L — 2e~).
It follows that F'(3) = 2e7% /(1 — 2¢ ) = x. Hence, upon inverting, 5 = f'(z) =
—log(z/(2(1 + x))). As aresult, f(z) ot xf'(x) — F(f'(x)) = —zlog(z/2) + (z +
1/2)log(1+ ) > 0for x > 0and f"(z) = —1/(z(1 + z)) < O.

With these considerations at hand, it is now possible to discuss the joint distrib-
utions of the random vectors (N, P, N1, ..., Nj,...) under Py = Pg for model 1 and
Py = P2 for model 2.

4.2. Joint distributions in the sub-critical region (8 < 6o)

4.2.1. Joint distributions for model 1
Recall from (33) that

df Zr(V ) Zr( v )
DLy, 71, ) = 2R = Zn

has been interpreted as the conditional multivariate probability generating function
def
L, 71, n) T By gt | N =]
for the number of clusters variable P and size-j clusters contributions (N;)7_;. Mul-
tiplying by the probability
1nr  \def 0,0"

that n atoms are being observed and summing up over n > 0 yields now the joint
probability

def
Ot YY1 2 ) B ES[uN PN ]
=Y PHN = n)u" (7,71, - 1Y) (50)
n=>0
as a function of the control parameter 6.

Hence,

df 1 1
DG, Y, Y11 Vo) = 710) > 0w Za (v )
n>0

ZY0u, v, 71, . - - Vo)
= 710) (51)
from (20). In explicit form,
Oy Y, 1 - - -1 - - o) = €1 23217 OV /31 /@364 /!
— @iz (u! =1)e;07 /5! (52)

from (19).
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This formulation is full of interesting informations.
Zooming, for example, on size-m clusters yields, taking v; = 1, for all j but m,

def
PG (w, v, ym) = Ef[uN 4Py

= exp(—%(&) + 'y{

after some easy computations.
In particular,

o (Ou)™

m!

(ym — 1) + z(ue)}> (53)

®}(1,19,) @ E}[07] = (i - T ) 9

m!

is the probability generating function of a Poisson variable, with intensity E%[Nm] =
cm®™/m! and standard deviation o3[ N,,] = (c,0™/m!)Y2. Another marginal distri-
bution is

def -

@317, 1) = Ej[y"] = exp((v - Di(0)), (55)
which is the probability generating function of a Poisson variable, with intensity
E5[P] = #(6) = 350567 /4!, and

®b(u, 1,1) € EF[uN] = exp(f(ub) — 1(6)) (56)

is a Gibbs variable with mean EA[N] = 67 (9) and standard deviation o}[N] =
(07 (0) + 02" (9))Y/2.
Joint and conditional informations are aso available, for example,

®I(L, 7, ym) € EF [y AN

i 0

—ep( i)+ {0 - DT 40} ). 6

As a result,
11 P N1 _ HO R Cm 0™ P
Es [y ] _;T{('Ym - 1)m!%(9) + 1}
Pi(P pmf™ 41

- 3Pl {0 - s 1)

Hence,

Cmem p
Es[ym™ | P =p] = {(’Ym - DWW) +1}

is the probability generating function of a binomial variable whose mean is E;[Nm |
, def -
P = p] = po(m)p, with po(m) = EGIN,]/EGIP] = cpn™ /(mE(0)).
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4.2.2. Joint distributions for model 2
In a similar way, from (36),

72 Y
q’%(%’n,...,'yn)(g ”(%71’, ’7):E2[

On

'ypyivl...%]y”‘N:n]

is the conditional multivariate probability generating function for the number of clus-
ters variable P and the number of size-j clusters variables (Nj);?zl given N = n.
Multiplying by the new probability

/977/
P2 N = déf On 1
oWV =n)= 2

that n atoms are being observed and summing up over n > 0 yields now the joint
probability

n > 0,

def N -
DIy Y, Y1y -2 V) = Eg[uN'yP'yll...fy,]LV |

=PIV = n)u" D2 (v, Y1, - ) (58)

n>0

as a function of the control parameter 6.

Hence,
Z20U, Y Y1, ey Vir e
DU, Y, YLy -3 Vs ) = ( 7;2(9) D) (59)
from (29) and, in explicit form,
1-t(9)
DUy Y, YLy e ooy Yo e r) = — 60
from (28).
Zooming on size-m clusters yields, taking v; = 1, for al j but m,
1-t(0)
D2, v, V) B E2[uN APy Nm] = — (61)
ol 3m) = Bl | = 4y = @y o — D
after some easy computations.
In particular,
def 1-—%0
PB(L,1,7) * EZ[12] = ©) (62

1—t(0) — (cmb™/mY)(ym — 1)
is the probability generating function of a geometric variable with mean Eg¢[NV,,,] =
cm0™/(ml(1 — 1(6))),

1—1(0)

‘Dg(l,% 1) < Eg [’YP] = 1_77%(0)

(63)
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is the probability generating function of a geometric variable with intensity Eg[P] =
t(#)/(1 — t(9)), and

®F(u,1,1) € EZ[uN] = 1-10) (64)

1 —1(0w)
is a Gibbs variable with mean EZ[N] = 6%(0)' /(1 — £(0)).

4.3. Conditional distributions in the thermodynamic limit n — oc: the super-critical
region 6 > 6y

As was noted before, the random variable N becomes degenerate, in the sense
that N = oo with probability Py one, as soon as # > 6y. The reasonable approach
for the understanding of aggregates in this region of the control parameter is, thus,
to extract and evaluate the asymptotic shape of the 6§ — Taylor coefficients of com-
plicated generating functions, such as Z(6, v, vm,) (With Z = Z* or Z = Z?), where
ZY0,~,vm) = €0m) and Z2(6, v, V) = 1/(1 — vE(8, 7)) from (23) and (32) with
50, ym) B HO) + (3 — D™ /m! from (24).

The number of groups, P(n), and the number of size-m groups, N,,(n), variables
are now to be understood conditionally to N = n, with n becoming large. This
amounts to search for an asymptotic equivalent to @, (v, v,»,) in the thermodynamic
limit n — oo upon normalizing. The techniques to be employed to perform this
program derive from singularity anaysis.

We first recall a partial result of [11] before discussing the way it particularizes
to our situation.

Sngularity analysis result
Let Z(9) be any analytic function in the indented domain defined by
D = {0: 10| < 01, |Arg( — bo)| > 7/2 — n},

where g, 61 > 6o, and n are positive real numbers. Assume that, with o(x) = x® x
log® 2, o and 3 any real number (the singular exponents), we have

1 .
Z(Q)NK1+K20<17(9/90> as@—u% n D, (65)
for some real constants K41 and K>.
Then:
If a ¢{0,—-1,-2,...}, the Taylor coefficients of Z(0) satisfy
1
[0”]Z(0)~K1+K205”@— asn — 00, (66)
n (o)

where ' («) is the Euler function. Z(#) presents an agebraic-logarithmic singularity
a6 = bp.
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If « € {0,—1,—2,...}, the singularity 8 = 6y is purely logarithmic and

1 !/
[0712(60) ~ K + Ka085" 00 (1) (@) asn— o0, (67
nlogn \ I
involving the derivative of the inverse of the Euler function at a.
Thus, for agebraic-logarithmic singularities, the asymptotic of the Taylor coeffi-
cients can be read from the singular behavior of the partition function under study.

Remark 2. If Z(#) is now replaced by Z(6,v,v») for Z = Z* or Z = Z?, where
(v, vm) are considered as perturbation parameters, the above theorem applies with both
the singularity location 6y possibly replaced by 6(+, v,,,) and the singular exponents «
(and ) possibly replaced by a(v, v) (@nd B(v, vm)). It shall of course prove useful
to understand how these parameters modify the singular behavior of Z(0) = Z(0,1,1)
in the two different models. This is the object of section 5.

5. Asymptotic of the variables N,,(n) and P(n) in the thermodynamic limit

In order to answer the question, one first has to understand the singularity of
the generating functions for trees #(#) and (0, v.,,), and afterwards, by composition of
singularity, the ones of Z(0,7,vm) = e01m) and Z2(8, 7, 7m) & 1/(1 — 70, 7))
will follow. The main source of singularity in our problem mainly stems from the
generating functions for trees ¢(9) and (6, v,,) o t(0) + (ym — Dend™/ml. Two
types of singularity are to be distinguished here:

Weakly connected aggregates

t(0) diverges at ¢ ot #1. This will happen if the branch generating function g is
an entire function: we shall discuss two examples, namely ¢ polynomia (of maximal
degree d > 2) and ¢ dominated by an exponentia, that is, ¢ ~ 6 exp(—6), as
6 — oo, for some integral number M > 1. The singularity type of function #(#) will
be shown to be algebraic with parameter o« = 1/(d—1) > 0 in the first case and purely

logarithmic in the second case. In both cases, however, ¢(0) diverges at 0 o 01.

In such aggregates, the sequence (gx)r>1 grows “slowly” (i.e., not faster than
kM for some integer M in our examples), which justifies the entry weakly connected
aggregates from the combinatorial interpretation of these coefficients of section 3.
Connection is weak, so that nucleation dominates. one, therefore, expects the number
of groups to be large. This will be shown to occur in the sense that

1 /
A—nP(n) —7(0)>0

with P and P? probability one, from the law of large numbers. We shall indicate how
to determine the divergence scales A, (A, — oo asn — oo) in the different cases
discussed above: A, grows sower than n in model 1, so that no finite-size groups
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are present asymptotically; on the contrary, A,, grows like n in modd 2, so that a
non-trivial finite-size group structure emerges. Also, large deviation results will be
shown to hold genericaly, and we shall compute some large deviation rate functions.

Srongly connected aggregates

t(0) is defined and finite at # = 6. This will happen if g itself has a singularity,
say tp > 1, a finite distance of the origin. In this case the type of singularity of
t(#) will dways be algebraic with parameter o = —1/2 < 0 (branch point) [18], as a
result of the implicit function theorem. As a generic example, we shall treat the case
g(®) = 1/(1 — P(0)), where P(9) is a degree-L > 2 polynomia with non-negative
Taylor coefficients, such that P(0) = P'(0) = 0 and P(1) < 1. More precisely,

L
ﬂm:iﬁﬁlmmaew@.
=2

In this case, the singularity of ¢ islocated at to > 1, as aresult of the Perron—Frobenius
theorem for primitive matrices.

In such aggregates, the sequence (gx)r>1 grows much faster (i.e., gp ~ klty k
as k — oo), which justifies the entry strongly connected aggregates from the combi-
natorial interpretation of these coefficients of section 3. Connection is strong, so that
nucleation no longer dominates: one, therefore, expects the number of groups to be
“smaller”. Actually, it will be shown to occur in the sense that for model 1,

P(n) — P(c0) (in law)

asn — oo, for some limit distribution P(c0), that will be shown to be Poisson-like.
A similar behavior is observed for N,,(n).

However, concerning the variable P(n), in the context of mode 2, it still con-
tinues to diverge in the sense that

1 /
A—nP(n) —7(0) >0

with P? probability one, for some divergent with n series A,,. In order that a limiting
distribution P(o0) exists, such that
P(n) — P()

holds in law, the condition that ¢tg > 1 has to be violated and replaced by tg < 1,
which means that the sequence (gi)x>1 has to grow faster than £!: we shal call these
aggregates very strongly connected.

5.1. Sngularity analysis of the generating functions for trees

Let us first start by the 6-singularity analysis of the series £(0) and (6, ;).
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5.1.1. Weakly connected aggregates
(& The case g polynomial [2]: Suppose g(f) = 1+ Zzzl(gk/k!)e’“, d> 2.
Rewrite (9) as

1(0) do’
0= / . 68
0 9@ (9
Clearly, #(9) explodes (diverges) at finite distance 6, of the origin. Thus, the
singularity of #(0) is located at
o del
0, = / —. 69
= 9@ ©9)
Hence,
> do’ 1
61— 60 = / ~ ()¢
170 f 9@ oS gad -0
and
_ 1 1/(d—-1)

with K, = (gq01(d — 1)) 1=,
The singularity of ¢(#) is purely algebraic of parameter o« = 1/(d — 1) > 0. It
follows from (66) that

1

7(0) —j :1/(d—1)—1
[6712(6) ~ K26, FE=D

as j — oo. (71)

(b) The case 9,~ oM for some integer M > 1: This happens when ¢(9) &
gm(0), recursively defined by g,,,+1(0) = 1+ 0g.,,(6), m = 0,...,M — 1, with
go(0) = €. Inthis case, g(0) = 1+ > -, (K™ /kDO", and g, = kM, k > 1, has a
polynomia growth behavior.

Performing the same analysis as above,

01— 0 = / T 7(6)yMe 1O
7o) 9(0") 0/~

so that
t(0) ~ —log(L—6/61) ash — 61 (72)
with 61 > 1/e again given by (69). It follows from (67)

[67]2(0) ~ 607757 asj — oc. (73)
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Remark 3. The generating function (6, v.,) = t(0)+ (Y — D¢, 8™ /m! is obtained by
superimposing a degree-m monomial to function £(#). Thus, in the case just discussed
where t(#) diverges at critical value § = 6, the singular behavior of (6, ,,) matches
the one of ¢(0): there is no influence of parameter +,, neither on the location 61 nor
on the singular exponents « and 3 of the singular expansion of £(6).

5.1.2. Srongly connected aggregates

(@ The case g rational: Suppose g(f) = 1/(1 — P(9)), where P(0) =
Zfzz (e;/1M0" with ¢, € {0,1}, eventualy aperiodic. This polynomia is the char-
acteristic polynomial of its companion matrix. This matrix has non-negative entries,
all bounded by one; it can easily be shown to be irreducible (actualy, primitive
if P(0) is aperiodic), so that from the Perron-Frobenius theorem, P(d) = 1 has a
unique (algebraically simple) real solution § = to (the inverse of the spectral radius
of the companion matrix) such that al other roots are (strictly) outside the circle of
radius § = to. From its particular shape, P(1) < 1, so that co > tg > 1. More-

over,
1 1
9(0) ~ — ( ) as 0 to,
toP,(to) 1-0/to
S0 that
1 ~(k+1)
gk ~ ———k!t, as k — oo,
toP (to)

from (66). Therefore, g, ~ Kk*+1/2(etg)* as k — oo, for some constant X and
from the Stirling's formula. These coefficients, therefore, grow much faster than in
any weakly connected aggregates. aggregation is “stronger”.

In this situation, ¢(#) is undefined beyond the value 6, at finite distance of the
origin, athough it remains finite there: #(f1) < oco. Thus, the singularity of ¢(9) is
located at

to d(gl
91—/0 20 >1/e (74

to del
01— 60 = / —_
! 7o) 9(8)

Inverting this singularity, we get the “branch-point” behavior [18]:

1/2 _1/2
HO) ~ to = <(—1i§)1’(to)> <1 —%9/91> w00 (7

Hence,
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The singularity of #(0) is algebraic of parameter « = —1/2 < 0. It follows
from (66) that

n 264 2 3/
[F°J£(6) ~ o = ((1/9)'@0)) 0’

and ¢; def GI[091E(6) ~ Kj7~1(eh1) 7 as j — oo, from Stirling’s formula.

rCi/2) asj — oo (76)

Remark 4. The generating function ¢(6, v,,) = t(6)+ (vm—1)cm 6™ /m! is obtained by
superimposing a degree-m monomial to function #(6). Thus, in the case just discussed
where (6) converges at critical value 6 = 6,, the singular behavior of #(6,~,,) now
sensibly differs from the one of #(#) in the following sense: there till is no influence
of parameter ~,,, neither on the location #; nor on the singular exponents o = —1/2 of
the singular expansion of #(6) (75), but the value ¢(f,) = to at the singularity 6 = 6,
is now “polluted” by ~,, and should be replaced by

- def cm07"
t(‘gl”}/m) = 750('Ym) =to+ (r}/m - 1) mll . (77)

5.2. Singularity analysis of the partition function Z1(6,~, v,n)

We shall now study, in these various cases, the type of singularity one isin right
to expect, concerning the generating functions Z(9, v, v,,) and Z2(6,~, vn), Smply
by composition of singularities. This will allow us to derive asymptotic information
on both the number of groups P(n) and number of sizem groups N,,(n) information
encapsulated within (22) and (25), conditionally to n, and in the limit n — oco.

5.2.1. Weakly connected aggregates
(&) The case g polynomial: Recal from (70) that

) 1 \ME@D
~ K - N
0~ Ko ) w00

the singularity of ¢(6) is purely agebraic of parameter a = 1/(d — 1) > 0. More-
over, t(6,v,,) has the same singular expansion, with no pollution of parameter ~,,.

Therefore, ZX(0,7,7,,) & 0 m) presents an essential singularity a 6 = 61, with
no influence of ~,,. When d = 2, it follows, from a saddle point analysis [15] that

_n_ EXp(K2v/2)
RVAIG m) ~ Ot ————"" 2/ K . 78
[ ] ( VY )nHOO 1 2\/7_T(K2f}/)71/4exp( 277’1/) ( )
Of course,

o 01 W@(P(Z Kon), (79)
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<0 that, after normalization,
g [0"124(0, 7, vm)

( VY m) [en]Zl(Q)
o S DD oo 1), @

which is independent of ~,,,.
As afirgt conclusion, taking v = 1 in (80) yields lim,, o, ®(1,7,,) = 1. Thus,
given N = n, for any finite group size m held fixed

Nin(n) — 0 (81)

with P* probability one.
Concerning the number of groups variable, obtained while setting ~,, = 1,

OL(y, DY — pl(7,2) € i) (82)
with
P'(7) = exp(2y/Ka(v/7 — D). (83)

Here A, = /n. The mean and variance of the number of clusters random
variable diverge algebraicaly. (Actualy, for any d, the divergence rate can be shown
to be the power-law A,, = n'/?.) Asaresult, the number of groups, given N = n, say
P(n), grows like A,, = n¥/¢. The number of atoms per group, that is, the group-size
variable n/P(n), tends to infinity, which is consistent with the result stated in (81):
there is no finite-size groups asymptotically!

(b) The case 9,~ 6M¢f, for some integer M > 1: Note from (72) that 7(f) ~
—log(1—6/61) as 9 — 91, the singularity of ¢(9) (and £(0,~v,,)) is purely logarithmic.

Therefore, Z1(8, v, vm) % €0 1m) presents an expog type singularity a 6 = 6y. It

follows that
1 1 K

independent of ~,,,. The singularity of Zl(e,y,ym) is algebraic, with parameter ~. It
follows from the singularity analysis result (67) that
anT 1

[0"12*0,, ’Ym)nﬁoo L TR)

(84)

Of course,

[012%0), ~. 0. (85)
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<0 that

ny 71
@b, 7m) 2 L %ﬁﬂﬂ’ ot r(lv) exp(—logn(1-7),  (86)

independent of -,,.
Concerning N,,(n), similar conclusions as equation (81) hold.
Concerning the number of groups variable,

OL(y, DY — pl(7,2) € pi(y) (87)
with
p'(7) = exp(—(1 — ). (88)

This is the probability generating function of a standard Poisson variable.

Here A,, = logn. The mean and variance of the number of clusters random
variable diverge in a logarithmic way.

Thus, an infinite cluster regime is observed for weakly connected aggregates
under P!: there are no finite-size groups and the number of groups diverges with the
number n of atoms but slower than n (like nY/? or like logn).

5.2.2. Srongly connected aggregates
(&) The case g rational: Note from (75) that

) 20 1/2 1 ~1/2
t(ey'Ym) ~ tO(er) - ( L ) < > asf — 64,

(—=1/9) (to) 1-6/61
with to(vm) = to + (vm — Den b7 /m!; the singularity of #(0,~,,,) is purely algebraic
of parameter o = —1/2 < 0. Therefore, ZX(0,7,7m) & @) aso presents an
algebraic type singularity (with parameter o = —1/2) at 0 = 6;.
Indeed,

! ~ evtom) (1 201 l/2< 1 >—l/2>
Z (9,’7”7m)9:9167 2 <1 7((—1/9)/(150)) 1-0/61 .

It follows from the singularity analysis result (66) that

20, Y29y =3/2
((1/ g)’(to)> r(-1/2)

(071220, 7, m) , ~,, —v€°0m)

n—oo

(89)

As aresult,

n 71
@k, 7m) & ][fn]%; =) yew(tatm)  to). (90)

Hence,

def
DL (Y, Ym) — i (v ) = P (Y, Yim) (91)

n—0o0
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with

e 0"
O (7, Ym) = 7 €XP ((7 — Do +7v(ym — 1) m,l ) (92)
from (77).
The random variables P(n) and V,,(n) converge in law this time.
Setting v, = 1, @ (y,1) = vexp(y — 1)to appears to be the probability gener-
ating function of a (shifted) Poisson variable for P(n), with mean and variance 1+ to.
If v=1,

e
L (1) = ep( (1 - DL )
m:

yields a Poisson probability generating function for N,,,(n), with intensity ¢,,,67"/m!
(compare with (54)).

5.3. Sngularity analysis of the partition function Z2(6,~, v)

We shall now show that the conclusions to be drawn are significantly different
under probability P2.

5.3.1. Weakly connected aggregates
(&) The case g polynomial: Note from (70) that

i 1\ V@D
~ K - N
0~ Ke( 1) w00

the singularity of #(9) is purely algebraic of parameter & = 1/(d—1) > 0. The function
t(0) diverges as 6 — 6.

The singularity of Z2(0,~,vm) ot 1/(1 — (0, v:)) differs now sensibly from
the one of #(6) (and thus ¢(#, 7,,)) in the sense that both location and singular exponent
are corrupted by the variables (v, vy,,) this time.

More precisely, Z2(6,7, ¥m) ot 1/(1 — ~t(#,v:m)) presents an algebraic singu-

larity (of parameter o = 1) at 0 ot O(~y,vm) < 01: the singularity has been shifted to
the left.
Here 6(v, V) is well-defined implicitly by

(007, V) ym) & 1/7. (93)

Near this new singularity 6 = 6(, vm),

1 1

2 0 ~ )
) A F O ) @ 7003

(94)
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hence, with 7' (8(7, Vi), Vi) Standing for the partial derivative w.r. to 8 of (6, v,,) a
0 = 60(v,vm).

1

9” Zz 9, v Im ~ +
[ ] ( ANk ) 70(71'Ym)t (H(Va’Ym)!’Ym)

n—oo

00y, ym) ™", (95)

so that, upon normalizing,

2 aet [0"12%(0,,vm)
(v, vm) = [07122(0)

0(1, 1)’ (6(1, 1), 1) ( 0(1,1) )” (96)
nee 79(71 'Ym)z/(e('% 'Ym)’ ’Ym) 9(71 'Ym)
Stated differently,
O (v, ym) M =2 PP Yim) (97)
with
PPy, m) & LD (98)

0y, Ym)

Here A,, = n. The mean and variance of the number of clusters random variables
diverge linearly with n.

Setting ~,,, = 1, it should be observed, due to (9) and (93), that () o 0(, 1)
is defined explicitly from the branch generating function ¢ by

v do’
0(y) = / —. 99
R (%9)

Function p?(v,1) can, therefore, be quite intricate, in general not available in
explicit form, although this may happen as the following example show.

Example 3. If g(d) = 1+ 62, 1(f) = tanf, Z°(0,v,1) = 1/(1—~ytanf) and A(y,1) =
arctan(1/7), function p?(v, 1) is explicitly given by p?(v, 1) = n/(4arctan(1/7)).

(b) The case 9,~ oMe’ | for some integer M > 1: Recdl from (72) that

t(0) ~ —log(1l — 6/61) as 6 — 6;; t(9) also diverges at 61 in a logarithmic way this
time. The above results (93)—(99) are still valid, the only shape of p?(y, v,,) changing
in a drastic way.

Example 4. If g(9) = expd, 1(0) = —log(1 — 6), Z%(,~,1) = 1/(1 + vlog(1 — 6))
and 0(y,1) = 1 — exp(—1/7), function p?(v, 1) is explicitly given by

P, 1) = (1—exp(-1)) /(1 exp(—1/7)).
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5.3.2. Srongly connected aggregates
(&) The case g rational: Recall from (75) that

B 20 1/2 1 ~1/2
t(917m) ~ 750('Ym) - (m) (m) ash — (91;

the singularity of (6, ~,,) is purely algebraic of parameter « = —1/2 < 0. In the

singularity analysis of function Z2(6,~, vm) o 1/(1 — (0, vim)) the vaue of to(vm)
appears critical, in particular its relative position with respect to one. Since ¢ > 1 for
strongly connected aggregates, the conclusions are quite similar to the ones of weakly
connected aggregates. Indeed, Z2(6,~,7.) till presents an algebraic singularity (of
parameter o = 1) a 0 = 6(v, V) < 61, which is defined in some open neighborhood
of v =, = 1. the singularity is again to be shifted to the left. Function 6(v,~v,,) is
still defined by (93) but condition ¢o(7,,) > 1/~ defines an admissible sub-domain of
[0, 1] in the parameter space (7, ¥,»), including the point (1, 1). This results from the
fact that (0, v,,,) is finite at & = 6, this time.

Thus, the range of (v, .,) is restricted to this sub-domain, which is the most
notable difference with the previous situation.

The above results (93)«99) are till valid, the only shape of p(~,¥,,) changing
in adrastic way. In particular,

D2 (7, ym) M == PP, ) (100)
with
0(1,1)
2
(v, Ym) = (101)
P 0(v, ¥m)
with 6(y, v, still defined by (93), but for (v,,,) now restricted to satisfy to(v,,) >
1/~.

Here A,, = n. The mean and variance of the number of clusters random variable
continue to diverge linearly: the convergence in law phenomenon observed for strongly
connected aggregates in section 5.2.2 no longer holds!

Example 5. If g(6) = 1/(1 — 6°/2), one has
1(6) = (=30 + (96~ 8)7*)"* + (30 — (* ~8)*)"",

with to = v/2 and 1 = (2/3)v/2. Hence, 6(v,1) = 1/v—1/(6+°). Function p?(v,1) is
the function explicitly given by p?(v, 1) = 5y3/(6y? — 1), which should be considered
on the sub-domain ~ € [1/v/2,1] only.

5.3.3. Very strongly connected aggregates. tp < 1

Suppose the sequence (gx)r>1 grows faster than k!. In this situation, to < 1. If
to < 1, there is no solution 8(v, v,,,) to (93), for (v, .,) defined in an open neighbor-
hood of the point (1, 1).
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The singularity of function Z2(8,~, v.m) o 1/(1 — (8, v:m)) remains, therefore,
located at the value 0 = 0;. Indeed,

2 1 A(201/(=1/g) (to)) " < 1 >1/2>
O S T (1 1 —to(m) 1-0/6 ‘

The singularity of Z2(0,~,v,,) is algebraic, with parameter o = —1/2. It follows
from the singularity analysis result (66) that

1/29—71 -3/2
" 20, V)~ — Y ( 291 ) 1 n )
AZ50. 7 m) e " T i P \ Gl Ge))  Tery %2
As aresult, upon normalizing,
2 g [0"12%(0,7,vm) 1—ty \?
Pnlvvm) = gzaE)  ne <17to(7m)> | (103
Hence
®2(7) = P2 (1, ) E D2 (3, m) (104)
with
) B 1—to 2
P (Vs Ym) —7(1_7@0“%_ 1)cm05n/m!)> : (105)

As v, = 1, this is the probability generating function of a (shifted) sgquared
geometric variable, with mean 1 + 2to/(1 — to)?>. The number of clusters random
variable, P(n), converges in law thistime. As~ = 1, thisis the probability generating
function of a squared geometric variable, N,,(c0), with mean 2¢,,607"/(m!(1 — to))
(compare with (62)).

54. Summary

Let us put altogether the results of this section, concerning the variable P(n) and
N(n), given N = n, in the thermodynamic limit n — oc.

Modd 1. discernible atoms, indiscernible clusters

Weakly connected aggregates (g entire): In any case, given N = n, N,,(n) —=0
with P! probability one, for any finite group-size m held fixed.

— g degree-d polynomia (gx = 0, k > d > 2), P(n) grows like n'/?,

— g~ 0Mexpb (gi ~ kM), P(n) grows like logn.

Srongly connected aggregates (g has a singularity g > 1 at finite distance):

- g(0) =1/(1— P(©®)) (g ~ k’ftg ¥y, the random vector (P(n), N,,(n)) converges in
law to a (Poisson) distribution given by (92).
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Model 2: discernible atoms, discernible clusters

Weakly connected aggregates (g entire):
— g degree-d polynomia (g. = 0, k£ > d), the random vector (P(n), N,,(n)) grows
like n.
— g~ 0Mexpb (g, ~ kM), the random vector (P(n), N,,(n)) grow like n.
There is anon-trivial size-m group structure this time (see, e.g., (93), (97), (98)).

Srongly connected aggregates (¢ has a singularity g > 1 at finite distance):

- g(0) = 1/(1L — P®)) (g ~ k’ftg k), the random vector (P(n), N,,(n)) still grows
like n. Conclusions are similar to the previous ones.

Very strongly connected aggregates (¢ has a singularity ¢g < 1 at finite distance):

— g(0) = 1/(1 — P(0)) (g ~ k¥ty™), the random vector (P(n), N,,,(n)) converges in
law to a (squared geometric) distribution given by (105).

In other words, the ratio n/P(n), giving the “average’” number of atoms per
cluster can present a great variability, as n — oo, from infinite to finite, depending
on the pattern formation process. Its behavior strongly influences the fragment size
distribution.

5.5. Large deviation results

Concerning the number of groups and the number of size-m groups asymptotic,
two regimes can thus be distinguished:

(1) Convergence: this happens if ®;,(v, ym) —2 poo(V, ¥m) ot Poo (7, Ym) (e8],
eg., (92), (105)). In these situations, the random vector (P(n), N,,(n)) converges in
law to (P(c0), Ny (00)).

(2) Divergence: this happens if ®,(v,7m)""* — p(7,7m). Two sub-cases
arise:

@ If p(vy,vm) is defined in a neighborhood of (v, ~,,) = (1,1). In this situation,
we have large deviation results, strongly reminiscent of multifractal theory, that we
now give.

Let A ® —1og7y, Am & —10g7m, A Z (A Am).

Next, define

N E ) E p(e e ) (106)
and the “free energy” function
7(A) = 70\ Am) € —10g (A, ). (107)

This function is well-known to be concave on its convex definition domain,
A € A, from the Holder inequality. Domain A can be derived from the definition
domain of (v, ~.,) and contains the origin A = 0 = (0, 0).
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Define then its concave Legendre transform
def def .
9 (o am) E inf (ax—T(V)). 108
s(a) = s(on o) = Inf (aX —7(N)) (108)

Clearly, s(a) = aVs(a) — 7(Vs(a)) with V7(Vs(a)) = « (here V is the
gradient symbol). Moreover, s(a) < 0, as a € E, the induced definition domain
on a. Define ag by Vs(ag) = 0. Function s(«) attains its maximum, zero, at op.

In &l divergence situations described above, one can show the following local
limit theorem for large deviation result [8,15]:

1 /Ay
P(—X(n) = a) — exp s(a) (109)

/\n n—00

with s(a) the large deviation rate function and X(n) the random vector X(n) o
(P(n), Nm(n)).
In particular, we have

X(n) — a0 Vr(0) (110)
with P probability one.

Moreover, if E[X(n)] = A,V7(0) and [X(n)] = A,A7(0) denote, respectively,
the mean and variance—covariance matrix of X(n), we have the central limit theorem

P([X(n)] “Y2(X(n) — E[X(n)]) < x) — afx (112)

for x = O(1).

(b) If p(y,7m) is independent of ~,, (section 5.2.1). The above analysis only
holds for the one-dimensional variable P(n). Let us illustrate these points in one-
dimensiona situations.

Example 6. In section 5.2.1, we had p'(7) = exp(y — 1). Therefore, 7(\) = 1 —
exp(—)\) for A € R, and s(a) = a —1—aloga < Ofor any o € RT. Here s(ag) =0
aag =1

In the example of section 5.3.2, we had p?(y,1) = p?(7) = 53/(6v% - 1).
Therefore,

B 5e—3)\
)€ —logp?(e?) = - Iog<7GeZA — 1)

for A < Ao = (1/2)log2 and its Legendre transform s(a) (which can be explicitly
computed) is only defined in the range « € [0, 1]. Moreover, s(ap) = 0 a ap = 3/5.
Function s(«) tends to —oco as @ — 1~ and s(0) = —\g with a positive finite slope
there.
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6. Concluding remarks

This paper presents a statistical physics approach to the modeling of nucleation—
aggregation phenomena of atoms. This work was motivated by a need to un-
derstand the fundamentals involved in clusters formation processes. In this con-
text, rea experimental data have been related to one of the models discussed here
(model (a) of section 2) by Cohen [5-7], in an attempt to understand processes
such as coagulation of fine particles or coalescence of droplets, by considering the
most probable group size distributions that have not been introduced here (see,
aso, [4,14]). These vitd informations can be reached while maximizing a Boltz-
mann type entropy which turn out to be strongly dependent on the average num-
ber of atoms per cluster ratio n/P(n), whose variability has been shown to be
large.

Two different models have been first developed within this statistical framework,
showing that small causes can produce large effects. These models were designed to
represent simple aggregation by single particle adjunction (monomer addition).

It has dso been shown, however, how to include in aggregation models the
possibility for an atom to connect simultaneously to more than one group at the same
time. In this situation, indeed, the number of groups in the transition n — n + 1 may
decrease because clusters themselves can coaesce.

These informations are nicdly represented by two partition functions of unordered
(and ordered) forests of increasing trees.

In order now to understand these aggregation phenomena, we first derived the
fragment size distributions (that is, the number P of fragments, or clusters, and the
number N,, of sizem fragments with m constitutive atoms), as a function of the
control parameter which is chosen here to be the average number of atoms (N). As
(N') approaches infinity, we derived the study of these variables in the thermodynamic
limit n — oo.

This formulation has shown that the nucleation and aggregation processes were
in competition, and that macroscopic effects on the clusters number distributions could
emerge. Thisintuition has received arigorous positive answer, using singularity analy-
sis techniques of the partition functions involved. This alowed for the distinction be-
tween two regimes: the ones of weakly and strongly connected aggregates. In the first
regime, nucleation dominates aggregation which results in the divergence of the num-
ber of clusters variable, at rates depending on the connection politics of the additional
atoms. In the second regime, on the contrary, this variable attains a macroscopically
observable statistical equilibrium. As the number of atoms n tends to infinity, the
number P(n) of fragments, or clusters, and the number N,,(n) of size-m fragments
have thus been shown to present a great statistical variability under the two different
models introduced.



T. Huillet / Satistics of aggregates 221

References

(1]
(2]
(3]

[4]

(5]
(6]
(7]
(8]

[9]
[10]

[11]
[12]
[13]
[14]
[15]

[16]
[17]

[18]

[19]
[20]

[21]
[22]

(23]

R. Azencott, Grandes Déviations et Applications, Cours de Saint-Flour, Lecture Notes in Math.,
Vol. 774 (Springer, Heidelberg, 1978).

F. Bergeron, P. Flgjolet and B. Salvy, Varieties of increasing trees, in: CAAP’s 92, ed. J.C. Raoult,
Lecture Notes in Comput. Sci., Vol. 581 (1992) pp. 24-48.

R. Botet and Ploszajczak, Fragmentation—inactivation binary model — A new model of kinetic se-
quential fragmentation, in: Proceedings of the Les Houches Workshop: Fragmentation Phenomena,
eds. D. Beysens, X. Campi and E. Pefferkorn (World Scientific, 1995) pp. 300-311.

X. Campi and H. Krivine, Observables in fragmentation, in: Proceedings of the Les Houches Work-
shop: Fragmentation Phenomena, eds. D. Beysens, X. Campi and E. Pefferkorn (World Scientific,
1995) pp. 312-321.

R.D. Cohen, Steady-state cluster size distribution in stirred suspensions, J. Chem. Soc. Faraday
Trans. 86(12) (1990) 2133-2138.

R.D. Cohen, Evolution of the cluster size distribution in stirred suspensions, J. Chem. Soc. Faraday
Trans. 87(8) (1991) 1163-1168.

R.D. Cohen, Development of the cluster-size distribution in flowing suspensions, AICHE J. 38(7)
(1992) 1129-1134.

R.S. Ellis, Entropy, Large Deviations and Satistical Mechanics, Grundlehren Math. Wiss. (Springe,
New York, 1985).

L. Comtet, Advanced Combinatorics (Reidel, Dordrecht, 1974).

I.M. Elminyawi, S. Gangopadhyay and C.M. Sorensen, Numerical solutions to the Schmol uchowski
aggregation—fragmentation equations, J. Colloid Interf. Sci. 144 (1991) 315.

P. Flgjolet and A. Odlyzko, Singularity analysis of generating functions, SIAM J. Discrete Math.
3(2) (1990) 216-240.

I.P. Goulden and D.M. Jackson, Combinatorial Enumeration (Wiley, New York, 1983).

P. Hammad, Information, Systemes et Distributions (Editions Cujas, Paris, 1987).

T. Huillet, Statistical physics models of aggregation phenomena, J. Phys. A 30(6) (1997) 1849—
1863.

H.-K. Hwang, Théorémes limites pour les structures combinatoires et les fonctions arithmétiques,
Ph.D. thesis, Ecole Polytechnique (December 1994).

V.F. Kolchin, Random Mappings (Optimization Software Inc., New York, 1986).

R.D. Levine and M. Tribus, eds., The Maximum Entropy Formalism (MIT Press, Cambridge, MA,
1979).

A. Meir and JW. Moon, On the altitude of nodes in random trees, Canad. J. Math. 30 (1978)
997-1015.

J. Riordan, An Introduction to Combinatorial Analysis (Wiley, New York, 1958).

R.D. Rosenkrantz, in: Papers on Probability, Satistics and Satistical Physics, Vol. 158, ed.
E.T. Jaynes (Reidel, Dordrecht, 1983).

M.R. Schroeder, Number Theory in Science and Communication (Springer, Berlin, 1989).

T. Sintes, R. Tora and A. Chakrabarti, Reversible aggregation in self-associating polymer systems,
Phys. Rev. E 50 (1994) 2967—2976.

F.W. Steutel and K. Van Harn, Discrete analogues of self-decomposability and stability, Ann. Probab.
7 (1979) 893-899.



